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GENERATORS FOR EXTENDED MAPPING CLASS
GROUPS
TU¨LI˙N ALTUNO¨Z, MEHMETCI˙K PAMUK, AND OG˘UZ YILDIZ
Abstract. We prove that the extended mapping class group,
Mod∗(Σg,p), of a connected orientable punctured surface of genus
g, can be generated by four involutions for g ≥ 3. Moreover, for
g ≥ 6, it can be generated by three torsion elements, one of which
is an involution.
1. Introduction
Let Σg,p denote a connected orientable surface of genus g with p ≥
0 punctures. When p = 0, we drop it from the notation and write
Σg. The mapping class group of Σg is the group of isotopy classes of
orientation preserving diffeomorphisms and is denoted by Mod(Σg). It
is a classical result that Mod(Σg) is generated by finitely many Dehn
twists about nonseparating simple closed curves [4, 7, 12]. The study
of algebraic properties of mapping class group, finding small generating
sets, generating sets with particular properties, is an active one leading
to interesting developments. Wajnryb [20] showed that Mod(Σg) can
be generated by two elements given as a product of Dehn twists. As
the group is not abelian, this is the smallest possible. Korkmaz [9]
improved this result by first showing that one of the two generators
can be taken as a Dehn twist and the other as a torsion element. He
also proved that Mod(Σg) can be generated by two torsion elements.
Recently, the third author showed that Mod(Σg) is generated by two
torsions of small orders [21].
Generating Mod(Σg) by involutions was first considered by McCarthy
and Papadopoulus [15]. They showed that the group can be generated
by infinitely many conjugates of a single involution (element of order
two) for g ≥ 3. In terms of generating by finitely many involutions,
Luo [14] showed that any Dehn twist about a nonseparating simple
closed curve can be written as a product six involutions, which in turn
2000 Mathematics Subject Classification: 57M07, 20F05, 20F38
Keywords: Mapping class groups, punctured surfaces, involutions, generating
sets
1
ar
X
iv
:2
00
3.
10
90
7v
2 
 [m
ath
.G
T]
  7
 Ju
l 2
02
0
2 TU¨LI˙N ALTUNO¨Z, MEHMETCI˙K PAMUK, AND OG˘UZ YILDIZ
implies that Mod(Σg) can be generated by 12g + 6 involutions. Bren-
dle and Farb [2] obtained a generating set of six involutions for g ≥ 3.
Following their work, Kassabov [8] showed that Mod(Σg) can be gener-
ated by four involutions if g ≥ 7. Recently, Korkmaz [10] showed that
Mod(Σg) is generated by three involutions if g ≥ 8 and four involutions
if g ≥ 3. The third author improved these results by showing that this
group can be generated by three involutions if g ≥ 6 [22].
The extended mapping class group Mod∗(Σg) is defined to be the
group of isotopy classes of all self-diffeomorphisms of Σg. The mapping
class group Mod(Σg) is an index two normal subgroup of Mod
∗(Σg).
In [9], it is proved that Mod∗(Σg) can be generated by two elements,
one of which is a Dehn twist. Moreover, it follows from [9, Theorem 14]
that Mod∗(Σg) can be generated by three torsion elements for g ≥ 1.
In terms of involution generators, as it contains nonabelian free groups,
the minimal number of involution generators is three and Stukow [19]
proved that Mod∗(Σg) can be generated by three involutions for g ≥ 1.
Although our main interest in this paper is to find minimal generating
sets for the extended mapping class group in the presence of punctures,
in Section 3, we test our techniques to find minimal generating sets
of involutions. In this direction, we obtain the following result(see
Theorems 3.2 and 3.3):
Theorem A. For g ≥ 5, the extended mapping class group Mod∗(Σg)
can be generated by three involutions.
In the presence of punctures, the mapping class group Mod(Σg,p) is
defined to be the group of isotopy classes of orientation-preserving self-
diffeomorphisms of Σg,p preserving the set of punctures. The extended
mapping class group Mod∗(Σg,p) is defined as the group of the isotopy
classes of all (including orientation-reversing) self-diffeomorphisms of
Σg,p that preserve the set of punctures. Kassabov [8] gave involution
generators of Mod(Σg,p): he proved that this group can be generated
by four involutions if g > 7 or g = 7 and p is even, five involutions
if g > 5 or g = 5 and p is even, six involutions if g > 3 or g = 3
and p is even. Later, Monden [16] removed the parity conditions on
the number of punctures. For g ≥ 1 and p ≥ 2, he [17] also proved
that Mod(Σg,p) can be generated by three elements, one of which is a
Dehn twist. Moreover, he gave a similar generating set for Mod∗(Σg,p)
consisting of three elements.
Our main aim in this paper is to generate Mod∗(Σg,p) with the min-
imal number of generators our methods allow. We want to point out
that our methods give better results than taking a known generating
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set for Mod∗(Σg,p) and throwing in a single reflection to obtain a gen-
erating set for Mod∗(Σg,p). In Section 4 we prove the following (see
Theorem 4.5):
Theorem B. For g ≥ 3, the extended mapping class group Mod∗(Σg,p)
can be generated by four involutions.
In Section 5, we study the problem of generating Mod∗(Σg,p) by
torsion elements, not necessarily involutions. We prove that (see The-
orem 5.3),
Theorem C. For g ≥ 6, the extended mapping class group Mod∗(Σg,p)
can be generated by three torsion elements, one of which is an involu-
tion.
Before we finish the introduction, let us point out that by the ver-
sion of Dehn-Nielsen-Baer theorem for punctured surfaces (see [5, Sec-
tion 8.2.7]), Mod∗(Σg,p) is isomorphic to the subgroup of the outer au-
tomorphism group Out(pi1(Σg,p)) consisting of elements that preserve
the set of conjugacy classes of the simple closed curves surrounding
individual punctures. Note also that these conjugacy classes are pre-
cisely the primitive conjugacy classes that correspond to the parabolic
elements of the group of isometries of the hyperbolic plane.
Acknowledgements. We would like to thank Tara Brendle for her
helpful comments on a previous version of this paper. The first au-
thor was partially supported by the Scientific and Technologic Research
Council of Turkey (TU¨BI˙TAK)[grant number 117F015].
2. Background and Results on Mapping Class Groups
Let Σg,p be a connected orientable surface of genus g with p punc-
tures specified by the set P = {z1, z2, . . . , zp} of p distinguished points.
If p is zero then we omit from the notation. The mapping class group
Mod(Σg,p) of the surface Σg,p is defined to be the group of the isotopy
classes of orientation preserving diffeomorphisms Σg,p → Σg,p which fix
the set P . The extended mapping class group Mod∗(Σg,p) of the sur-
face Σg,p is defined to be the group of isotopy classes of all (including
orientation-reversing) diffeomorphisms of Σg,p which fix the set P . Let
Mod∗0(Σg,p) denote the subgroup of Mod
∗(Σg,p) which consists of ele-
ments fixing the set P pointwise. It is obvious that we have the exact
sequence:
1 −→ Mod∗0(Σg,p) −→ Mod∗(Σg,p) −→ Sp −→ 1,
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where Sp denotes the symmetric group on the set {1, 2, . . . , p} and the
restriction of the isotopy class of a diffeomorphism to its action on the
puncture points gives the last projection.
Let βi,j be an embedded arc joining two punctures zi and zj on Σg,p.
Let Di,j be a closed regular neighbourhood of βi,j such that it is a disk
with two punctures. There is a diffeomorphism Hi,j : Di,j → Di,j,
which interchanges the punctures such that H2i,j is the right handed
Dehn twist about ∂Di,j and is equal to the identity on the comple-
ment of the interior of Di,j. Such a diffeomorphism is called the (right
handed) half twist about βi,j. One can extend it to a diffeomorphism
of Mod(Σg,p). Throughout the paper we do not distinguish a diffeo-
morphism from its isotopy class. For the composition of two diffeomor-
phisms, we use the functional notation; if g and h are two diffeomor-
phisms, then the composition gh means that h is applied first.
For a simple closed curve a on Σg,p, following [1, 10] the right-handed
Dehn twist ta about a will be denoted by the corresponding capital let-
ter A.
Now, let us recall the following basic properties of Dehn twists which
we use frequently in the remaining of the paper. Let a and b be simple
closed curves on Σg,p and f ∈ Mod∗(Σg,p).
• Commutativity: If a and b are disjoint, then AB = BA.
• Conjugation: If f(a) = b, then fAf−1 = Bs, where s = ±1
depending on whether f is orientation preserving or orientation
reversing on a neighbourhood of a with respect to the chosen
orientation.
3. Involution generators for Mod∗(Σg)
We start with this section by embedding Σg into R3 so that it is
invariant under the reflections ρ1 and ρ2 (see Figures 1 and 2). Here,
ρ1 is the reflection in the xz-plane and ρ2 is the reflection in the plane
z = tan(pi
g
)y so that R = ρ1ρ2 is the rotation by
2pi
g
about the x-axis.
Now, let us recall the following set of generators given by Korkmaz [10,
Theorem 5].
Theorem 3.1. If g ≥ 3, then the mapping class group Mod(Σg) is
generated by the four elements R, A1A
−1
2 , B1B
−1
2 , C1C
−1
2 .
By adding an orientation reversing self-diffeomorphism to the above
generating set, one can easily see that Mod∗(Σg) can be generated by
five elements. In the following theorems, we show that one can reduce
the number of generators to three and all the generators are of order
two.
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Figure 1. The reflections ρ1 and ρ2 for Σg if g = 2k + 1.
Figure 2. The reflections ρ1 and ρ2 for Σg if g = 2k.
Theorem 3.2. If g ≥ 5 and odd, then Mod∗(Σg) is generated by the
involutions ρ1, ρ2 and ρ1A1B2C g+3
2
A3.
Proof. Consider the surface Σg as in Figure 1 and observe that the
involution ρ1 satisfies
ρ1(a1) = a3, ρ1(b2) = b2 and ρ1(c g+3
2
) = c g+3
2
.
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Since ρ1 reverses the orientation of a neighbourhood of any simple
closed curve, we get
ρ1A1ρ1 = A
−1
3 , ρ1B2ρ1 = B
−1
2 and ρ1C g+3
2
ρ1 = C
−1
g+3
2
.
It is easily seen that ρ1A1B2C g+3
2
A3 is an involution. Let K be the
subgroup of Mod∗(Σg) generated by the set
{ρ1, ρ2, ρ1A1B2C g+3
2
A3}.
Note that the rotation R and the orientation reversing diffeomorphism
ρ1 (or ρ2) are contained in K. Hence, all we need to show is that the
elements A1A
−1
2 , B1B
−1
2 and C1C
−1
2 belong to K. For g ≥ 7 and odd,
by proof of [1, Theorem 3.4], these elements are contained in K. For
g = 5, the proof follows from the proof of [1, Theorem 3.3].
Next, we deal with the even genera case.
Theorem 3.3. If g ≥ 6 and even, then Mod∗(Σg) is generated by the
involutions ρ1, ρ2 and ρ1A2C g
2
B g+4
2
C g+6
2
.
Proof. Consider the surface Σg as in Figure 2 when g ≥ 6 and even.
The involution ρ1 satisfies
ρ1(a2) = a2, ρ1(b g+4
2
) = b g+4
2
and ρ1(c g
2
) = c g+6
2
.
Since ρ1 reverses the orientation of a neighbourhood of any simple
closed curve, we have
ρ1A2ρ1 = A
−1
2 , ρ1B g+4
2
ρ1 = B
−1
g+4
2
and ρ1C g
2
ρ1 = C
−1
g+6
2
.
It can be shown that ρ1A2C g
2
B g+4
2
C g+6
2
is an involution. Let H be
the subgroup of Mod∗(Σg) generated by the set
{ρ1, ρ2, ρ1A2C g
2
B g+4
2
C g+6
2
}.
Note that the rotation R is in H. Since H contains the orientation
reversing diffeomorphism ρ1 (or ρ2), again all we need to show is that
the elements A1A
−1
2 , B1B
−1
2 and C1C
−1
2 are contained in H. By the
proof of [1, Theorem 3.5], these elements are contained in H.
4. Involution generators for Mod∗(Σg,p)
In this section, we introduce punctures on a genus g surface and
present involution generators for the extended mapping class group
Mod∗(Σg,p). First, we recall the following basic lemma from algebra.
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Lemma 4.1. Let G and K be groups, Suppose that we have the fol-
lowing short exact sequence holds,
1 −→ N i−→ G pi−→ K −→ 1.
Then the subgroup H contains i(N) and has a surjection to K if and
only if H = G.
For G = Mod∗(Σg,p) and N = Mod
∗
0(Σg,p) (self-diffeomorphisms fix-
ing the punctures pointwise), we have the following short exact se-
quence:
1 −→ Mod∗0(Σg,p) −→ Mod∗(Σg,p) −→ Sp −→ 1,
where Sp denotes the symmetric group on the set {1, 2, . . . , p}. There-
fore, we have the following useful result which follows immediately from
Lemma 4.2. Let H be a subgroup of Mod∗(Σg,p). If the subgroup H
contains Mod∗0(Σg,p) and has a surjection to Sp then H = Mod
∗(Σg,p).
Figure 3. The curves γi and ei,j on the surface Σg,p.
Let H be the subgroup of Mod∗(Σg,p) generated by the following set
H =
{
{ρ1, ρ2, ρ1A2, ρ1H1,pB2C g+3
2
} if g ≥ 3 and odd,
{ρ1, ρ2, ρ1A2, ρ2H1,pB1B2C g+2
2
} if g ≥ 4 and even.
It is known that Mod∗0(Σg,p) is generated by the Dehn twists A2,B1, . . .,
Bg, C1, . . . , Cg−1 about the curves shown in Figures 4 and 6 and Ei.j for
some fixed i (j = 1, 2, . . . , p− 1) about the curves as shown in Figure 3
and an orientation reversing self-diffeomorphism of Σg,p (see [6]).
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Note that the element R = ρ1ρ2 is contained in H so that R(ak) =
ak+1, R(bk) = bk+1 and R(ck) = ck+1 (k = 1, 2, . . . , g − 1).
Lemma 4.2. For g ≥ 3, the Dehn twists Ai, Bi and Ci are all con-
tained in H (i = 1, 2, . . . , g).
Proof. Suppose first that g ≥ 3 and odd. Since ρ1 and ρ1A2 are con-
tained in H, it follows that A2 = ρ1ρ1A2 is also contained in H. In this
way, we can see that all Ai’s are contained in H, due to the fact that
R = ρ1ρ2 conjugates A2 to Ai. Also, since ρ1 and A2 belong to H, the
group H contains the elements
• ρ1ρ1H1,pB2C g+3
2
= H1,pB2C g+3
2
and
• A2H1,pB2C g+3
2
.
The diffeomorphism A2H1,pB2C g+3
2
maps a2 to b2, which implies that
(A2H1,pB2C g+3
2
)A2(A2H1,pB2C g+3
2
)−1 = B2 ∈ H.
The conjugation of B2 with powers of R implies that all Bi ∈ H. In
particular, B g+3
2
∈ H implying that the element B g+3
2
H1,pB2C g+3
2
∈ H.
It follows from the fact that the diffeomorphism B g+3
2
H1,pB2C g+3
2
maps
b g+3
2
to c g+3
2
,
(B g+3
2
H1,pB2C g+3
2
)B g+3
2
(B g+3
2
H1,pB2C g+3
2
)−1 = C g+3
2
∈ H.
Again, by conjugating C g+3
2
with powers of R, we get Ci ∈ H.
Suppose now that g ≥ 4 and even. In this case, as in the odd case
we can see that all Ai’s are contained in H. Also since H contains ρ2
and A2, it contains the following elements
• ρ2ρ2H1,pB1B2C g+2
2
= H1,pB1B2C g+2
2
and
• A2H1,pB1B2C g+2
2
.
The diffeomorphism A2H1,pB1B2C g+2
2
maps a2 to b2, which implies that
(A2H1,pB1B2C g+2
2
)A2(A2H1,pB1B2C g+2
2
)−1 = B2 ∈ H.
By conjugating B2 with powers of R, we get Bi ∈ H. Since B g+2
2
is contained in H, the element B g+2
2
H1,pB1B2C g+2
2
∈ H. Finally, the
element C g+2
2
∈ H follows from
(B g+2
2
H1,pB1B2C g+2
2
)B g+2
2
(B g+2
2
H1,pB1B2C g+2
2
)−1 = C g+2
2
.
Again, by the conjugation of C g+2
2
with powers of R, we get Ci ∈ H.
This completes the proof.
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Lemma 4.3. For g ≥ 2, in the mapping class group Mod(Σg,p), the
element
φi = Bi+1Γ
−1
i CiBi
maps the curve ei,j to the curve ei+1,j, where the curves γi and ei,j’s
are as in Figure 3. Moreover, the diffeomorphism φi is contained in
the group H.
Proof. It is easy to see that the diffeomorphism φi maps ei,j to ei+1,j.
Consider the diffeomorphism
S = BgCg−1Bg−1Cg−2 · · ·C1B!A1.
Since S ∈ H and S−1 maps a2 to γ1, the element S−1A2S = Γ1 ∈ H.
By conjugating with powers of R, the element Γi is in H. We conclude
that φi ∈ H.
Figure 4. The reflections ρ1 and ρ2 for Σg,p if g = 2k+1
and p = 2b+ 1.
Lemma 4.4. The group Mod∗0(Σg,p) is contained in the group H.
Proof. Since the group H contains the elements A2, B1, B2, . . . , Bg,
C1, C2, . . . , Cg−1 by Lemma 4.2, it suffices to prove that H contains
the elements Ei.j for some fixed i (j = 1, 2, . . . , p − 1). Note that H
contains Ak+2 and R = ρ1ρ2.
Let g = 2k ≥ 4. Consider the models for Σg,p as shown in Figures 6
and 7. Since the diffeomorphism R−1 maps ak+2 to ek+1,1, we have
R−1Ak+2R = Ek+1,1 ∈ H.
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Figure 5. The reflections ρ1 and ρ2 for Σg,p if g = 2k+1
and p = 2b.
Figure 6. The reflections ρ1 and ρ2 for Σg,p if g = 2k
and p = 2b+ 1.
It follows from Lemma 4.3 that φk+1(ek+1,1) = ek+2,1 and φk+1 ∈ H
implying that
φk+1Ek+1,1φ
−1
k+1 = Ek+2,1 ∈ H.
Similarly, the diffeomorphism φk+1R
−1 sends ek+2,1 to ek+2,2. Then we
have
(φk+1R
−1)Ek+2,1(φk+1R−1)−1 = Ek+2,2 ∈ H.
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Figure 7. The reflections ρ1 and ρ2 for Σg,p if g = 2k
and p = 2b.
Continuing in this way, we conclude that the elements Ek+2,1, Ek+2,2,
. . . , Ek+2,p−1 are contained in H.
In the case when g = 2k + 1 ≥ 3, let us consider the models for Σg,p
as shown in Figures 4 and 5. In this case, since the diffeomorphism R
sends ak+2 to ek+3,1, we have
RAk+2R
−1 = Ek+3,1 ∈ H.
By Lemma 4.3 that φ−1k+2(ek+3,1) = ek+2,1 and φk+2 ∈ H implying that
φ−1k+2Ek+3,1φk+2 = Ek+2,1 ∈ H.
Similarly, the diffeomorphism φ−1k+2R sends ek+2,1 to ek+2,2. Then we
have
(φ−1k+2R)Ek+2,1(φ
−1
k+2R)
−1 = Ek+2,2 ∈ H.
Similarly, continuing in this way, we conclude that the groupH contains
the elements Ek+2,1, Ek+2,2, . . . , Ek+2,p−1. This completes the proof.
Now, we are ready to prove the main theorem of this section.
Theorem 4.5. The subgroup H is equal to the extended mapping class
group Mod∗(Σg,p).
Proof. Suppose that g is odd and g ≥ 3. In this case, consider the
surface Σg,p as in Figure 4 and 5. Since
ρ1(a2) = a2, ρ1(b2) = b2 and ρ1(c g+3
2
) = c g+3
2
and ρ1 is an orientation reversing diffeomorphism, we get
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ρ1A2ρ1 = A
−1
2 , ρ1B2ρ1 = B
−1
2 and ρ1C g+3
2
ρ1 = C
−1
g+3
2
.
Also, since ρ1H1,pρ1 = H
−1
1,p , it is easy to see that ρ1A2 and ρ1H1,pB2C g+3
2
are involutions.
Suppose now that g is even and g ≥ 4. Consider the surface Σg,p as
in Figure 6 and 7. Since
ρ1(a2) = a2, ρ2(b1) = b2 and ρ2(c g+2
2
) = c g+2
2
and the diffeomorphisms ρ1 and ρ2 are orientation reversing, we get
ρ1A2ρ1 = A
−1
2 , ρ2B2ρ2 = B
−1
1 and ρ2C g+2
2
ρ2 = C
−1
g+2
2
.
Also, since ρ2H1,pρ2 = H
−1
1,p , it is easy to see that the elements ρ1A2
and ρ2H1,pB1B2C g+2
2
are involutions.
The group Mod∗0(Σg,p) is contained in H by Lemma 4.4. Hence,
Lemma 4.1 implies that it is sufficient to show that H is mapped sur-
jectively onto Sp. To show this, first consider the case of g ≥ 3 and
odd. The element ρ1ρ2 ∈ H has the image (1, 2, . . . , p) ∈ Sp. Also,
consider the elements ρ1 and ρ1H1,pB2C g+3
2
of the group H. Hence the
element
ρ1ρ1H1,pB2C g+3
2
= H1,pB2C g+3
2
is included in H and has image (1, p) ∈ Sp.
In the case of g ≥ 4 and even, consider the element ρ2ρ1 having
the image (1, 2, . . . , p) ∈ Sp. Moreover, similarly the elements ρ2 and
ρ2H1,pB1B2C g+2
2
of H imply that the element
ρ2ρ2H1,pB1B2C g+2
2
= H1,pB1B2C g+2
2
belongs to H and has image (1, p) ∈ Sp. It follows from the elements
(1, 2, . . . , p) and (1, p) generate Sp that H has a surjection onto Sp.
This completes the proof.
5. Torsion generators for Mod∗(Σg,p).
In this section, we prove that the extended mapping class group
Mod∗(Σg,p) is generated by three torsion elements, one of which is an
involution, if g ≥ 6.
Recall that R = ρ1ρ2 is the rotation by
2pi
g
about the x-axis (see
Figures 1 and 2). The following set of generators for Mod(Σg) is given
by the third author (see [21]).
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Theorem 5.1. For g ≥ 6, the mapping class group Mod(Σg) is gener-
ated by two elements R and T of order g, where
T =

RC1B4A6A
−1
1 B
−1
5 C
−1
2 if g = 6,
RC1B4A6A
−1
7 B
−1
5 C
−1
2 if g = 7,
RB1C4A7A
−1
8 C
−1
5 B
−1
2 if g = 8,
RC1B4A7A
−1
8 B
−1
5 C
−1
2 if g ≥ 9.
Figure 8. The reflection τ for Σg,p.
Consider the surface Σg,p so that ρ1 and ρ2 are reflections of the
surface as in Figures 4, 5, 6 and 7. In this case R = ρ1ρ2 is element
of Mod∗(Σg,p) so that R(ak) = ak+1, R(bk) = bk+1, and R(ck) = ck+1
(k = 1, 2, . . . , g− 1). Let τ denote the reflection across the xy-plane as
in Figure 8. Let H denote the subgroup of Mod∗(Σg,p) generated by
R, T and τ . We prove that H = Mod∗(Σg,p) if g ≥ 6.
Lemma 5.2. The group Mod∗0(Σg,p) is contained in the group H.
Proof. The elements A2, B1, B2, . . . , Bg, C1, C2, . . . , Cg−1 belong to the
group H by Theorem 5.1. It remains to prove that H contains the
elements Ei.j for some fixed i (j = 1, 2, . . . , p − 1). Note that the
diffeomorphism φi given in Lemma 4.3 is also contained in H by the
proof of Lemma 4.3. For g = 2k (or g = 2k + 1), the group H in
particular contains Ak+2. Then one can conclude that the elements
Ek+2,1, Ek+2,2, . . . , Ek+2,p−1 belong to H by the proof of Lemma 4.4.
Theorem 5.3. For g ≥ 6, the group H generated by R, T and τ is
equal to Mod∗(Σg,p).
Proof. The group Mod∗0(Σg,p) is contained in G by Lemma 5.2. Hence,
if we prove that H is mapped surjectively onto Sp, the assertion follows
by Lemma 4.1. Let us first consider the case of g ≥ 7 and odd. The
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element R = ρ1ρ2 ∈ H has the image (1, 2, . . . , p) ∈ Sp. In the case
of g ≥ 6 and even, R−1 = ρ2ρ1 ∈ H has the image (1, 2, . . . , p) ∈ Sp.
When g ≥ 6, the group H contains element τ having image (1, p) ∈ Sp.
It follows from the elements (1, 2, . . . , p) and (1, p) generate Sp that H
has a surjection onto Sp. This completes the proof.
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